A perfect inhomogeneous quadratic form is defined by that it can be reconstructed in a unique way from its arithmetic minimum and all integral vectors on which it is attained. Such a form defines an integral Delaunay polytope that has a remarkable property of having a unique circumscribed ellipsoid whose interior is free of integral points. A polytope with this uniqueness property is called a perfect Delaunay polytope, or Delaunay supertope. We present an explicit construction of an infinite series (in two integer parameters) of infinite sequences (in dimension) of Delaunay supertopes. This paper is an extended announcement of our results. Complete proofs and history of the subject will be given in a subsequent journal paper.
Introduction
Consider the lattice Z d and a lattice polytope D. If D can be circumscribed by an ellipsoid E with no interior Z d -elements, and with the vertices of D being its only boundary Z d -elements, it is said that D is a Delaunay polytope relative to the metric defined by E; more informally, we will say that D is Delaunay. Typically, there is a family of empty ellipsoids that can be circumscribed about a given Delaunay polytope D but if there is only one, so that E is uniquely determined by D, we will say that D is a Delaunay supertope. Examples of Delaunay supertopes are the six and seven dimensional Gossett polytopes with 27 and 56 vertices that appear as Delaunay polytopes in the root lattices E 6 and E 7 -below we give representations of these supertopes as lattice polytopes in Z 6 and Z 7 . Besides being fascinating geometric objects, Delaunay supertopes play an important role in the theory of point lattices and we describe this role in this paper.
We have studied Delaunay supertopes by constructing infinite sequences of them, one Delaunay supertope in each successive dimension, starting at some initial dimension. One of our constructions is the sequence of G-topes, G d , d = 6, 7, . . ., with the six-dimensional Gossett polytope G 6 (commonly known as 2 21 vertices. Just as the six-dimensional Gossett polytope can be represented as a section of the seven dimensional one, each term G d of the asymmetric sequence can be represented as a section of the term C d+1 of the symmetric sequence. We have been able to construct an infinite number of infinite sequences of Delaunay supertopes.
Each supertope in the sequence of G-topes uniquely determines a lattice that is an analogue of the root lattice E 6 , and each term in the sequence of C-topes uniquely determines a lattice that is an analogue of the root lattice E 7 . The Voronoi and Delaunay tilings for the lattices in these sequences show many features of the lead terms, namely, the Voronoi and Delaunay tilings for the root lattices E 6 and E 7 . All of our sequences of supertopes determine corresponding sequences of lattices with similar combinatorial properties. These infinite sequences can be considered probes for investigating higher dimensional lattices.
Our constructions are first steps of a program to explore the geometry of higher dimensional lattices through infinite sequences of lattices. The infinite sequences we have constructed are particularly interesting because of the role they play in the structure theory of Delaunay polytopes and Delaunay tilings described in the following section.
Perfect ellipsoids and Delaunay supertopes were first considered by Erdahl (1975) in connection to lattice polytopes arising from quantum mechanics (Erdahl, 1975; . He established perfection of the ellipsoids circumscribed about Gosset polytopes in dimensions 6 and 7 and proved that no perfect ellipsoids and, consequently, no supertopes exist for 1 < d < 6. Deza, Grishukhin, and Laurent (1990 Laurent ( ,1992 Laurent ( ,1995 found more examples of perfect ellipsoids in dimensions 15, 16, 22, and 23.
There is a number of reasons why supertopes are fascinating objects for study. On one hand, they are "perfect" inhomogeneous analogs of perfect lattices; see (Martinet, 2003; Conway and Sloane, 1988) for details on the latter. This alone seems to be a natural motivation for a researcher in geometry of numbers. On the other hand, supertopes are important to the theory of strongly regular graphs or, more generally, theory of association schemes. In fact, the Schlafli and Gosset graphs can be constructed as 1-skeletons of the Gosset polytopes in E 6 and E 7 (which are supertopes) and that is how the Gosset graph has been discovered. A metrical concept, closely related to the combinatorial notion of strongly regular graph, is that of a maximal family of equiangular lines. Arrangements of equiangular lines have been studied by Seidel (1969) , Lemmens and Seidel (1973) , Deza and Grishukhin (1993 , 1995 , 1996 , 2000 , Grishukhin (1997), Deza and Laurent (1997) , etc. Such families of lines in dimensions 7, 16, 23 can be constructed from supertopes described by Deza & Laurent (1997 Theorem 6) . Prior to the discovery of {G n }, the first infinite series of supertopes, only finitely many examples of extreme L-types had been known. The significance of extreme L-types is much due to their relation to the structure of Delaunay and Voronoi tilings. In fact, as shown by Ryshkov (1998 Ryshkov ( , 1999 and Erdahl (2000) , the Voronoi polytope for any form ϕ is the Minkowski sum of Voronoi polytopes for quadratic forms lying on the extreme rays of the L-cone that contains ϕ. The position of these Voronoi polytopes with respect to each other is completely determined by the arithmetic type of ϕ. This description of lattice Voronoi polytopes can be nicely reformulated from the dual prospective: the Delaunay tiling of Z d for ϕ is the intersection of the Delaunay tilings for forms lying on the extreme rays of the L-cone containing ϕ (Erdahl, 2000) . In other words, Voronoi polytopes for extreme L-types are building blocks for Voronoi polytopes of arbitrary forms, while Delaunay tilings for extreme rays of the L-cone containing ϕ are coarsenings of the Delaunay tiling for ϕ.
All of our sequences of supertopes determine corresponding sequences of lattices with similar combinatorial properties. These infinite sequences can be considered as probes for investigating higher dimensional lattices.
Homogeneous and inhomogeneous quadratic forms for lattices
Let Λ be a d-dimensional point lattice with basis (
If z is a lattice vector with coordinates z 1 , z 2 , ..., z d relative to this basis, then z can be written as
is the matrix whose columns are the basis vectors. The squared Euclidean length of z is given by |z| 2 = z T B T Bz =ϕ B (z). This squared length can equally well be interpreted as the squared length of the integer vector z relative to the metrical form ϕ B . Therefore, the Voronoi and Delaunay tilings for Λ, constructed using the Euclidean metric, can be studied using the corresponding Voronoi and Delaunay tilings for Z d constructed using the metrical form ϕ B . Moreover, any variation of the Voronoi and Delaunay tilings for Λ in response to variation of the lattice basis b 1 , b 2 , ..., b d can be studied by varying the metrical form ϕ for the fixed lattice Z d . Supertopes play an important role in the theory of Delaunay polytopes and Delaunay tilings, as will be described in the next two subsections. This has given us additional motivation for studying supertopes beyond their fascinating geometrical properties.
The inhomogeneous domain of a Delaunay polytope: Let P d be the cone of inhomogeneous quadratic functions on R d defined by:
This cone is useful in discussing the structure of Delaunay polytopes and how Delaunay supertopes relate to this structure. We suppress all details, which can be found in (Erdahl, 1992) .
where E 0 is an ellipsoid and K is a complementary subspace. Depending on the dimension of K, E f is either an empty ellipsoid or an empty cylinder with ellipsoid base. For a cylinder the dimension of the ellipsoid base lies in the range 1 ≤ dim E 0 ≤ d, and the "axis" K has complementary dimension d − dim E 0 . It is convenient to consider empty cylinders as degenerate empty ellipsoids.
Besides considering the surface E f for functions f ∈ P d , we will also consider V (f ), the set of integer points lying on this surface, and D f , the convex hull of these integer solutions. These three objects are related as follows:
There is an inhomogeneous analogue to perfect form that also plays a role in the discussion of the cone P d .
Definition.
A quadratic function p ∈ P d is perfect if and only if the system of equations {p(z) = 0 | z ∈ V (p)} uniquely determines p up to a positive scale factor. In this case we will call V (p) ⊂ Z d perfect, and will call D p = conv V (p) a perfect Delaunay polyhedron. If V (p) is finite, D p is called a perfect Delaunay polytope or a supertope.
It follows immediately from this definition that for p to be perfect the subset V (p) must be maximal among the subsets V (f ) ⊂ Z d , where f ∈ P d . The following result gives more detail on the perfect subsets of Z d .
Theorem 1 If p ∈ P d is perfect, then there exists an ellipsoid E 0 and complementary subspace K so that E p = E 0 ×K, and so that E 0 and K satisfy the following arithmetic conditions:
is the vertex set for a Delaunay supertope in the sublattice aff 
For this representation of
is also the vertex set for a Delaunay supertope in aff(E 0 ∩ Z d ), and K is defined so that
These are the arithmetic conditions stated in the theorem, so that {0, b} × K is the surface for a perfect element p of P d , which up to a scale factor is given by p(x) = (a · x)(a · x−1). The preimages of negative values of p lie between the two hyperplanes with equations a · x =0 and a · x =1, a region that is void of Z d -elements. In the following definition the Delaunay polytope D may be any dimension.
Definition. Let D be a lattice Delaunay polyhedron. Then, the inhomogeneous domain for D is defined as:
, but if D is a perfect Delaunay polytope, dim P D ) = 1.
Theorem 2 Assume that D is a d-dimensional Delaunay polyhedron with vertex set
where the summation is over all perfect elements p with the property that vert D ⊂ V (p) and ω p ≥ 0.
From this result it immediately follows that vert
This theorem establishes the important role played by perfect Delaunay polytopes, or supertopes, in the convex structure of Delaunay polytopes.
The homogeneous domain of a Delaunay tiling: Voronoi's classification theory for lattices, his theory of lattice types, was formulated using forms and the fixed lattice Z d (Voronoi, 1908; 1909) . In this theory two lattices are considered to be the same type if their Delaunay tilings are affinely equivalent. Consider a positive quadratic form ϕ. Then a d-dimensional lattice polytope D is Delaunay relative to ϕ if it can be circumscribed by an empty ellipsoid E with equation of the form
where the center c ∈ R d and the radius R is a positive constant; 
where the intersection is over the d-dimensional Delaunay polytopes in D. Since the containment Φ D ⊂ π 2 (P D ) also holds for all Delaunay tilings D that contain D there is the following description of π Φ (P D ) in terms of homogeneous domains: 
Infinite sequences of Delaunay supertopes
Consider the following sets of vectors in R d : 
is a symmetric Delaunay supertope for the lattice Λ 
Each pair of positive integers (s, k), for s ≥ 1, k ≥ 2, determines an infinite sequence of symmetric Delaunay supertopes, one in each dimension, with the initial dimension given by k(2s + 1) + 1. For s = 1, k = 2 the infinite sequence is the one described in the opening commentary, i.e., C d , d ≥ 7, where the initial term is the 7-dimensional Gossett polytope with 56 vertices. The More generally, primitive lattice vectors u, v in some lattice Λ, with common mid-points, are necessarily equivalent modulo 2Λ and thus belong to the same parity class. And conversely, the mid-points of lattice vectors u, v ∈ Λ belonging to the same parity class are equivalent modulo Λ. By analogy with the case of cross-polytopes, we call any such arrangement of segments or vectors a cross. The convex hull of crosses of primitive lattice vectors often appear as cells in Delaunay tilings -cross polytopes are examples, as are symmetric supertopes. There is a criterium, which is essentially due to Voronoi (1908 Voronoi ( , 1909 , that determines whether the convex hulls of these crosses are Delaunay polytopes. Let Λ be a lattice, let ϕ be a metrical form, and let C be the convex hull of a cross of primitive vectors belonging to the same parity class. Then C is Delaunay relative to ϕ if and only if the set of diagonal vectors forming the cross is the complete set of vectors of minimal length, relative to ϕ, for their parity class.
We borrowed this elegant formulation of the criterion from Baranovskii (1991) , who was the first to publish it as a theorem. We have used Voronoi-Baranovskii criterion to establish the Delaunay property for the symmetric supertopes C . This is the infinite sequence described in the introduction, with the 6−dimensional Gossett polytope with 27 vertices as initial term. The terms in this sequence have similar combinatorial properties. For example, the lattice vectors running between the vertices all lie on the boundary, in all cases. These lattice vectors are either edges of simplicial faces, or diagonals of cross-polytopal facets -there are only two types of facets, simplexes and cross-polytopes. The sixdimensional Gossett polytope has 27 five-dimensional cross-polytopal facets, but for the rest of the sequence the number seems to be equal to half the dimension, d/2 (we, with the help of Sarah Crown, verified it for d ≤ 16). G 6 can be found as a section of G 7 , but G 8 and G 9 do not have sections arithmetically equivalent to G 6 .
